
Online Caching Optimization with Predictions

Facoltà di Ingegneria dell’informazione, informatica e statistica
Corso di Laurea Magistrale in Data Science

Candidate
Xufeng ZHANG
ID number 2015060

Thesis Advisors
Dr. Giovanni Neglia
Dr. Francescomaria Faticanti

Co-Advisor
Prof. Ioannis Chatzigiannakis

Academic Year 2022/2023



Thesis not yet defended

Online Caching Optimization with Predictions
Master’s thesis. Sapienza – University of Rome

© 2023 Xufeng ZHANG. All rights reserved

This thesis has been typeset by LATEX and the Sapthesis class.

Author’s email: zhangxufeng1998@gmail.com

mailto:zhangxufeng1998@gmail.com


ii

Abstract

In computer science and information systems, online caching is a difficult problem
that aims to get a optimal cache resources allocation to improve system performance.
Traditional offline caching algorithms like LRU and LFU have a large theoretical
bound for cost compared to best static policy when they are facing some online
requests. Online learning algorithms have been introduced to address these issues
with online caching. By operating sequentially, these algorithms enable adaptive
decision-making based on prior observations and in-the-moment feedback, achiev-
ing a balance between exploiting long term historical observation and taking into
account more recent request patterns. The FTPL (Follow the Perturbed Leader)
algorithm is one of such methods.

Online learning algorithms can also take advantage of predictions about the future
requests to improve their choices. The higher the accuracy, the larger the improve-
ment. And when we talk about “optimistic” in online algorithms, which means
we consider predictions. Such predictions could be generated by machine learning
algorithms. With a higher accuracy, we would have better performance in online
learning algorithms. When an online caching algorithm decides to change the set
of items stored locally (the cache allocation), it needs to retrieve the missing items
from a remote server. The update can then incur costs. These update costs are
usually referred to as switching costs. This work examines the effects of predictions
and switching cost while concentrating on the performance of the FTPL algorithm
in the context of batched requests, which we process the requests after we accumu-
late a lot of them. First, we examine FTPL while accounting for switching costs
but excluding predictions. We discover that the user utility loss increases linearly
with the cost and the switching cost component does not increase with batch size.
The results of batched algorithms show that algorithms which process with higher
initial costs, their performance eventually tends to catch up to that of single re-
quests. Then the performance of the OFTPL (Optimistic Follow the Perturbed
Leader) algorithm without switching costs is examined. According to our analysis,
the regret bound grows sublinearly with batch size. We also determine the ideal
batch size with assumptions on requests and predictions.

After that, we take into account the OFTPL algorithm with switching costs. We find
that it outperforms the FTPL algorithm with dynamic learning rates, also achieving
a sublinear regret bound. But later we found that the algorithm with predictions
does not necessarily perform better than the algorithm with higher switching costs
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when the prediction accuracy is not high. Compared to the FTPL algorithm, perfect
predictions lead to lower average costs, whereas predictions with lower accuracy
result in rising average costs. These results highlight how critical high prediction
accuracy is for the best performance in our scenario.

In conclusion, this work showed how the FTPL algorithm performs when batched
requests, predictions, and switching costs are present. The findings provide direction
for cache management strategies in online cases and aid in a better understanding
of online caching algorithms.
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Chapter 1

Introduction

A cache is a high-speed storage layer storing frequently accessed data, improving
data retrieval speed. Data enters the cache after being first fetched from primary
storage, ensuring subsequent access is quicker. Caching is crucial for enhanced per-
formance and reduced latency. Online caching is a challenging problem in computer
science and information systems that aims to optimize the management and utiliza-
tion of limited cache resources to improve system performance. Traditional offline
caching algorithms assume full knowledge of the request sequence and are not di-
rectly applicable in online scenarios. The online caching problem involves deciding
which items to store in a limited-size cache based on incoming requests. As requests
arrive sequentially, the goal is to minimize the cost, which is generated from retriev-
ing the file or switching costs, by making informed decisions on feedback and past,
without prior knowledge of the future requests.

To address the caching problem, various traditional caching algorithms have been
adapted, such as LRU, LFU. These algorithms make cache eviction decisions based
on certain assumptions about item access patterns or cache occupancy. However,
LFU lack the ability to adapt to changing workloads and access patterns, limiting
their effectiveness in dynamic online environments[1]. And LRU can’t learn enough
patterns from the requests.

To overcome the challenges posed by the online caching problem, online learning al-
gorithms have been introduced[2]. These algorithms provide a powerful framework
for cache management by allowing adaptive decision-making based on past obser-
vations and real-time feedback. Online learning algorithms operate in a sequential
manner, making decisions based on the observed history of requests and the feed-
back received. They aim to strike a balance between exploration and exploitation,
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exploring new caching strategies while exploiting caching algorithms which maxi-
mize overall performance.

Online learning algorithms have emerged as effective tools for addressing the chal-
lenges of the online caching problem, enabling adaptive cache management strate-
gies. In this work, we will present main online learning algorithms. And in partic-
ular, we will discuss the performance of FTPL (Follow the Perturbed Leader) in
caching problem.

FTL (Follow the Leader) is a simple and intuitive online learning algorithm. It
operates by selecting the caching strategy that has performed the best in the past,
essentially following the leader[3]. FTL is easy to implement and computationally
efficient, making it suitable for real-time applications. Its simplicity allows for fast
adaptation, as it quickly adjusts to changing access patterns and workloads. How-
ever, FTL lacks exploration capabilities, because it always minimizes all historical
information. It does not consider alternative caching strategies beyond the leader,
potentially becoming stuck in suboptimal strategies if the leader performs poorly
due to evolving access patterns. Additionally, FTL is sensitive to the initial con-
ditions, as the initial choice of the leader can heavily influence its performance. If
the initial leader performs poorly, it may take time for FTL to recover and adapt
to better strategies.

To address the lack of exploration in FTL, FTRL (Follow the Regularized Leader)
extends the algorithm by introducing regularization. It balances the exploitation
of known effective caching strategies with the exploration of alternative strategies.
FTRL assigns weights to different caching allocation and updates them based on
observed performance, incorporating a regularization term to encourage exploration.
The key benefit of FTRL is its ability to strike a balance between exploration and
exploitation. By allowing for the discovery of new caching strategies while lever-
aging known effective strategies, FTRL offers improved performance in dynamic
online environments[3]. Based on this algorithm, Mhaisen et al. [4] proved that it
can achieve a sublinear regret (O(

√
T ) in caching problem. However, FTRL still

faces challenges. It requires tuning the regularization parameter, which can impact
the algorithm’s ability to adapt to different scenarios. Additionally, the computa-
tional complexity of FTRL is very high, which can limit its scalability in large-scale
systems. And the projection operation consumes more cost than other methods.
[5].

FTPL, on the other hand, introduces a perturbation-based approach to online
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caching. It operates by randomly perturbing the caching decisions based on a ran-
dom variable, thus exploring different caching strategies. The advantage of FTPL
lies in its ability to achieve near-optimal performance in adversarial settings, making
it robust against unknown and changing access patterns. FTPL is particularly well-
suited for scenarios where the adversary can deliberately craft request sequences to
challenge the caching algorithm. By perturbing the caching decisions, FTPL effec-
tively explores different strategies and mitigates the impact of adversarial behavior.
However, FTPL has some limitations. It may require additional computational
resources due to the random perturbations, potentially affecting its scalability. Ad-
ditionally, the randomness introduced by FTPL can make it more challenging to
analyze and reason about its performance guarantees compared to deterministic
algorithms like FTL and FTRL[6].

1.1 Caching Problem

In computer science, the difficulty of effectively managing cache memory to enhance
data access and retrieval is referred to as the caching problem. To avoid accessing
slower primary storage, like main memory or disk storage, caches are high-speed
storage systems that store frequently accessed data or instructions. Caches, however,
have a finite amount of space, so wise cache management choices are required. When
space is limited, these decisions involve deciding which files to keep in the cache and
which to remove. In the online caching problem, a cache hit occurs when a requested
file is found in the cache, providing fast access. A cache miss happens when the
requested file isn’t in the cache, necessitating retrieval from a slower source. In
order to improve system performance, the caching issue revolves around increasing
cache hit rates and reducing cache misses.

Cache replacement policies are essential for cache management. These policies
dictate which data items should be evicted from the cache when space is limited.
Various cache replacement policies have been proposed, studied, and compared in
the literature. The Least Recently Used (LRU) policy, for instance, evicts the item
that has not been accessed for the longest time[7]. Other policies include Least Fre-
quently Used (LFU), Random, and adaptive policies that dynamically adjust their
behavior based on workload characteristics.

When we request a file from the cloud, and we have a correct prediction of the
request, we can store the file in the cache in advance to get faster fetch speed. This
is like moving files from storage to cache in a computer.
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The difficulties of content delivery, caching, and network latency are greatly eased
by the use of content distribution networks (CDN). A distributed network of cache
spread over the network makes up CDN. The CDN minimises latency and network
congestion by delivering content from the server that is closest to the user when they
request it. By using caching techniques to store and serve content, CDN lighten the
load on origin servers and boost the efficiency of content delivery[8].

Figure 1.1. Example of content distribution network[9]

The way that CDNs work is by distributing content among edge servers that are
carefully positioned all over the world for faster fetching of files. By ensuring that
content is stored close to end users, this distribution minimises the distance that
data must travel and increases delivery speeds. At the edge servers, CDNs use
caching mechanisms to store frequently accessed content for quicker retrieval. The
CDN determines whether content is cached before responding to a user request.
In that case, the content is directly served from the cache, reducing latency and
enhancing user experience. The CDN retrieves the content from the origin server
and caches it for upcoming requests if it is not already present in one of the cache.

Figure 1.2. Example of caching problem[2]
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1.2 Related Works

The problem of caching for content distribution is a complex one. Traditional
caching policies cannot maintain good performance in the face of diverse requests.
Paschos et al.[2] demonstrated that the Online Gradient Ascent policy is universally
optimal because it ensures a regret, which is the maximum difference between the
algorithm with the best static policy, that matches the lower bound. They also
found it works well in bipartite network and showed that it has no regret, which
means the average regret over the whole time horizon will converge to 0.

Figure 1.3. Caching decision process[2]

Si-Salem et al. [10] studied Online Mirror Descent (OMD)-based no-regret algo-
rithms. They demonstrated how the request diversity in a batch affects the OMD
strategy to be used and how OMD caching policies outperform conventional eviction-
based policies.

Mhasien et al. [4] designed online caching algorithms for bipartite networks with
fixed-size caches or elastic leased caches subject to time-average budget constraints
based on the Follow-the-Regularized-Leader (FTRL) framework, which is further
developed here to include predictions for the file requests. The forecasts are given
by a content recommendation engine, which affects users’ viewing behavior and, as
a result, can naturally lessen the caching network’s uncertainty about upcoming
requests. They demonstrate that the suggested optimistic learning caching policies
can achieve zero regret for perfect predictions and maintain the tightest possible
bound even for arbitrary-bad predictions.

In their paper, they designed the first complete optimistic Follow-the-Perturbed
leader policy that extends beyond the caching issue. They also look at the bipartite
network caching problem and the possibility of caching files of various sizes. Finally,
using extensive numerical experiments with traces from the real world, they assess
the effectiveness of the suggested policies.

When we fetch the files form server to cache, the switch happens, and the corre-
sponding cost is called switching cost. The switching cost also generates a new
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part of regret compared to the setting without considering switching cost. And the
switching cost contributes to the overall cost incurred by the system. The switch-
ing regret analysis of a Follow the Perturbed Leader-based anytime caching policy,
which is demonstrated to have an order optimal switching regret, was introduced
by Mukhopadhyay[11]. They found FTPL can get a sublinear regret even in the
cases with switching costs when they choose a fixed learning rate. At the same time,
they also proposed the possibility that it uses dynamic learning rate in algorithm.
Finally they find it can still get a sublinear regret.

There also are some research on batched request. Faticanti et al. take into account
various optimistic caching strategies that are based on the Follow-The-Regularized-
Leader algorithm and have strong theoretical regret guarantees[12]. Because each
update of the cache state necessitates the solution of a constrained optimization
problem, these new policies have a higher computational cost than traditional ones
like LRU and LFU. Then, in order to spread out the cost of the update over time
or across several requests, they examine how well they perform when the cache is
updated less frequently.

1.3 Contribution

Based on the above analysis, we are interested in the problem of batch processing
and online caching algorithm with prediction, which is also the main contribution
of this work. The main contributions are as follows:

1) For the FTPL algorithm that considers the swicthing cost and does not consider
the predictions, this work finds that when the batch size changes, the regret of the
switching cost part does not increase, and only a small part of the regret increases
linearly with the increase of the batch size. We’re still able to get sub-linear regrets.

2) When we use the OFTPL (Optimistic Follow the Perturbed Leader, FTPL with
predictions) algorithm which does not consider the switching cost, the large batch
size also makes the regret increase, following a square root relationship. Also we
can get sub-linear regret in this case. At the same time, we consider adding some
assumptions to the requests and predictions in section 3.2. In this case, we found
that the batch size does not affect the regret bound in the optimal case. When
predictions are perfect, we can get an optimal batch size. We also got the regret
bound of OFTPL with switching cost in section 3.3, which is also a sublinear regret.

3) In the section 3.4, we consider both switching costs and predictions. We can see
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that in this case we can still get sublinear regret and perform better than the same
algorithm not considering predictions with a better regret bound. Finally, we also
consider the possible effects of different switching costs and prediction accuracy.
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Chapter 2

Online Learning Algorithms for
Caching

Online learning algorithms are powerful tools in machine learning that enable decision-
making in dynamic and evolving environments. Unlike traditional methods, where
the entire dataset is available upfront, online learning algorithms operate sequen-
tially, updating their models based on incoming data in a streaming fashion. They
are particularly well-suited for scenarios where data arrives in a continuous stream
and needs to be processed and learned in real-time.

The fundamental principle of online learning is to make predictions or take actions
based on limited information at any given time. This is in contrast to offline learning,
where the complete dataset is available for training and models are built to make
predictions on new, unseen instances. Online learning algorithms, therefore, need
to adapt and update their models incrementally as new data becomes available.

One of the key advantages of online learning algorithms is their ability to handle
large-scale and streaming data efficiently. Rather than processing the entire dataset
at once, online learning algorithms update their models iteratively, using a small
batch or even individual data instances. This makes them highly scalable and
suitable for real-time applications where data arrives at a high velocity.

Online learning algorithms typically follow a sequential update process. They start
with an initial state and sequentially process data instances or mini-batches of data.
For each instance, the algorithm makes a prediction or takes an action based on
the current model, compares the prediction or action to the true value or feedback,
and updates the model accordingly. This iterative process allows the algorithm to
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adapt and improve its performance over time.

One of the key challenges in online learning is striking a balance between exploration
and exploitation. As the algorithm updates its model based on incoming data, it
needs to explore new patterns and update its beliefs while exploiting the information
it has already learned. This trade-off is crucial for achieving optimal performance
in online learning.

In the problem of online caching, the commonly used online algorithms are on-
line gradient descent (OGD), online mirror descent (OMD), and follow the leader
(FTL). They each have corresponding advantages [3]. Next I will introduce these
algorithms.

2.1 System Description

We consider a caching system which is similar to system described in [11]. There
is only one request at each time step. A file is requested by a single request and
fetched from remote server. Upon a missing, the system occur a cost to retrieve
the file. In the cases we consider a switching cost, if the cache state is updated, we
would consider an additional switching cost. Assume there are N unique files in
remote server. The capacity of local cache C < N .

Cache Configuration: The cache configuration at time t is represented by y ∈
{1, 0}N . It respect the capacity constraint:

Y =

y ∈ {0, 1}N :
∑
i∈[N ]

yi ≤ C

 (2.1)

Request: We consider an one-hot encoded request xt at time t. Then we have
xt,i = 1, if file i is requested by one user. In batched requests, we still use the same
notations, but we have

∑N
i=1 xi,t = m (batch size).

Cost: If file i is requested, xt,i = 1, there is a exceptional retrieval cost:

ft,i(xt) = wi(1− yt,i) (2.2)

w is the weight of cost for different files. At time t, file i is requested by user.

If we consider switching costs, we denote the cost to fetch a single file D ≥ 0. Then
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if r files are fetched into the cache, it will cost rD. Hence, the total switching cost
between two time periods with cache state yt,yt−1 , is D

2 ∥yt − yt−1∥1.

Regret: As a rule in online learning, our goal is to design an algorithm that min-
imizes regret[13]. More precisely our goal is to get a sub-linear regret. Regret
represents the difference between the loss expressed by our algorithm and by the
optimal static method. Specifically, regret in our problem with switching cost is
given by the following formula:

E (RT ) = sup
y∈Y
⟨y,Xt⟩ −

T∑
t=1

E ⟨yt,xt⟩+
D

2

T∑
t=1

E ∥yt − yt−1∥1 (2.3)

We want to use regret to get a consistently good result. When the algorithm has
a sublinear regret, it means that its average regret will converge to 0 as the time
horizon T becomes large.

Prediction: In this work, we do not have a strict definition of the prediction, it just
needs to follow a similar form to xt. Many studies have confirmed that introducing
predictions into online problems can improve the performance of algorithms[14].
And when the prediction accuracy is high enough, even 0 regret can be achieved[4].
In the case that predictions are inaccurate, algorithms are still able to maintain
sublinear bounds. We called the algorithm is optimistic if it consider predictions.

Table 2.1. Notation

Notation Defination
C Cache capacity
N Number of total files
yt Cache configuration at time t
Y Set of cache configuration Y =

{
y ∈ {0, 1}N :

∑
i∈[N ] yi ≤ C

}
xt Request at time t
Xt Cumulative file request up to time t Xt =

∑t
τ=1 xτ

γ Gaussian random variables ∼ N(0, I)
η Learning rate
m Batch size
T Time horizon

2.2 Online Gradient Descent

Consider a cost function ft(yt), and let ∇ft donate its gradient at yt.
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Definition 2.1: The Online Gradient Descent (OGD) caching policy adjusts
the decisions descending in the direction of the gradient:

yt+1 = Πy (yt − ηt∇ft) (2.4)

where ηt is the learning rate, and ΠY(z) = arg miny∈Y ∥z− y∥ is the Euclidean
projection of the argument vector z onto Y, and ∥ · ∥ the Euclidean norm.

Next, look at the projection used in OGD. Follow [2], the projection can be written
as a constrained quadratic program in online caching problem:

ΠY(z) ≜ arg min
y≥0

N∑
n=1

(zn − yn)2

s.t.
N∑

n=1

yn ≤ C and yn ≤ 1

(2.5)

where C is the cache size, N is file number.

By introducing Lagrangian, we have:

L(y, ρ, µ, κ) =
N∑

n=1

(zn − yn)2 + ρ

(
N∑

n=1

yn − C

)

+

N∑
n=1

µn (y
n − 1)−

N∑
n=1

κnyn,

(2.6)

where ρ, µ, κ are the Lagrangian multipliers. The KKT condition of Equation (2.5)
can be written as following sets:

M1 = {n ∈ N : yn = 1} , M2 = {n ∈ N : yn = zn − ρ/2}

M3 = {n ∈ N : yn = 0} ,

where ρ = 2
(
|M1| − C +

∑
n∈M2

zn
)
/ |M2|.

For this optimization problem, Wang et al. [15] proposed an algorithm with time
complexity O(N2). Paschos et al. adapted the algorithm for OGA algorithms that
only requires O(NlogN) steps ([2], Algorithm 1).

Next let’s take a look at OGD’s performance.
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Theorem 2.1: For a fixed learning rate ηt = diam(Y)

L
√
T

, the regret of OGD
satisfies:

RT (OGA) ≤ diam(Y)L
√
T (2.7)

Proof. Let’s follow the steps from [2]. Firstly use the property of Euclidean projec-
tion, we have the bound as follow:

∥∥yt+1 − y∗∥∥2 ≜ ∥ΠY (yt + ηt∇ft)− y∗∥2 ≤ ∥yt + ηt∇ft − y∗∥2

= ∥yt − y∗∥2 + 2ηt∇fT
t (yt − y∗) + η2t ∥∇ft∥

2

where y∗ is the best static policy.

By fixing the learning rate η and summing up over T, we have:

∥yT − y∗∥2 ≤ ∥y1 − y∗∥2 + 2η

T∑
t=1

∇fT
t (yt − y∗) + η2

T∑
t=1

∥∇ft∥2

Because ∥y1− y∗∥ ≤ diam(Y) and ∥∇ft∥ ≤ L , we can get:

T∑
t=1

∇fT
t (y∗ − yt) ≤

diam(Y)2

2η
+

ηTL2

2

For a convex ft, it has ft (yt) ≥ ft(y) +∇fT
t (yt − y∗). Finally we can use it to get

the final bound:

RT (OGD) =

T∑
t=1

(ft (y
∗)− ft (yt)) =

T∑
t=1

∇fT
t (yt − y∗)

≤ diam(Y)2

2η
+

ηTL2

2
,

If we choose a η = diam(Y)

L
√
T

, we can get the sublinear bound as Theorem 2.1.
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Figure 2.1. A BS-assisted D2D network.[16]

In addition to the single cache problem, OGD also has a good performance on
some network cache problems. Paschos et al. successfully realized a sublinear
regret in device-to-device cooperative network by using OGD algorithm without
prior information[16].

2.3 Online Mirror Descent

Online mirror descent (OMD) is a class of scalable online learning techniques that
use mirror maps to exploit data geometric structures[17]. Firstly, let’s define a a
differentiable mirror map Ψ:D → R. It is strictly convex over D and ρ-strongly
convex w.r.t. a norm ∥ · ∥ over X ∩D, where X is included in the closure of D. And
we have ∇Ψ(D) = RN .

Give a learning rate η and mirror map Ψ, the OMD steps can be described as follow:

1) Map the current state to dual space.

x̂t = ∇Ψ(xt) (2.8)

2) Perform a gradient descent in the dual space.

ŷt+1 = x̂t − η∇frt (xt) (2.9)

3) Map ŷt+1 to primal space.

yt+1 = (∇Φ)−1 (ŷt+1) (2.10)
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4) Make a projection using the Bregman divergence associated with the mirror map
Ψ.

xt+1 =
Ψ∏

X∩D
(yt+1) (2.11)

where ΠΨ
X∩D(y) = arg min

x∈X∩D
DΨ(x, y) is the Bregman projection, DΨ(x, y) = Ψ(x) −

Ψ(y)− ∇Ψ(y)T (x− y) is the Bregman divergence.

In fact, we can get different algorithms and performances for different mirror maps.
OMD is same to OGD when the mirror map is the Euclidean map[10].

If we choose Ψ(x) = 1
2∥x∥22 and D = RN , we have: ∇Φ(x) = x, for all x ∈ D.

Bergman distance is Euclidean distance in this case, DΦ(x, y) = 1
2∥x− y∥22. Update

step will be given by:

xt+1 = ΠX (xt − η∇frt (xt)) , ∀t ∈ {1, . . . , T − 1} (2.12)

where ΠX (·) is the Euclidean projection . We can find that this is same to OGD
we discussed before.

Theorem 2.2[10] For η =

√
k(1− k

N )
∥w∥2∞∥r∥22T

the regret of OGD, satisfies:

RegretT (OGD) ≤ ∥w∥∞∥r∥2

√
k

(
1− k

N

)
T (2.13)

Proof. The general bound of OMD is[18]:

RegretT (OMDΦ) ≤
DΨ (x∗, x1)

η
+

η

2ρ

T∑
t=1

∥∇frt (xt)∥2∗ (2.14)

where ∥ · ∥∗ is the dual norm of ∥ · ∥, and x∗ is the best static policy. The dual norm
of Euclidean map is also the Euclidean one.

Let x1 be the minimizer of Ψ(x), we have: ∇ΦT (x1) (x− x1) ≥ 0, ∀x ∈ X and
DΨ (x∗, x1) ≤ Φ(x∗)−Ψ(x1).

The minimum value of Ψ(x) over X will be achieved when xi =
k
N , i ∈ N , and x∗ is
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an integral solution. Then Ψ(x∗) =
1
2k and we have:

DΦ (x∗, x1) ≤
1

2
k(1− k/N) (2.15)

By bounding the secound part in Equation (2.14), we have:

max
r∈R
∥∇fr(x)∥2 ≤ max

r∈R
∥w∥∞∥r∥2 (2.16)

By plugging the Equation (2.15), Equation (2.16) into Equation (2.14), and choose

η =

√
k(1− k

N )
∥w∥2∞∥r∥22T

the regret of OGD, we will get the final bound in Equation (2.13).

And OMD also can be same to FTRL (Follow the Regularized Leader) with specific
mirror map, and we will discuss later.

2.4 Follow the Leader

Follow the Leader (FTL) tries to make decisions sequentially based on results that
are observed in real-time. It is extensively used in disciplines including operations
research, control theory, and machine learning[19].

The FTL algorithm operates iteratively, making decisions one at a time while taking
into account the results of earlier judgements that have been observed. The fun-
damental concept is to ”follow the leader” by making the decision that has so far
produced the best results. By doing this, FTL makes use of the knowledge obtained
from prior experiences and favours choices that have a history of success.

Follow the Leader is defined by:

Definition 2.2: Follow the Leader:

∀t, xt = argmin
x∈X

t−1∑
i=1

fi(x) (2.17)

Through this definition, we can see that the performance of this method will be
largely affected by the cost function ft. Next, we analyze its possible performance
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in some cases. But let’s look at the Lemma 2.1 firstly.

Lemma 2.1: Let x1, . . . , xt be sequences produced by FTL then[3]:

RT (x) ≤
T∑
t=1

(ft (xt)− ft (xt+1)) (2.18)

Proof. If Equation (2.18) hold, by using the definition of Regret and assume u is a
sequence in X . Then we have:

RT (FTL) =
T∑
t=1

(ft (xt)− ft(u)) ≤
T∑
t=1

(ft (xt)− ft (xt+1)) (2.19)

Rearranging the Equation (2.19), we can get:

T∑
t=1

ft (xt+1) ≤
T∑
t=1

ft(u) (2.20)

If Equation (2.20) hold, we would get Lemma 2.1. Let’s prove this equation.

Firstly, we assume Equation (2.20) hold for T − 1.

T−1∑
t=1

ft (xt+1) ≤
T−1∑
t=1

ft(u)

Adding fT (xT+1) to both sides:

T∑
t=1

ft (xt+1) ≤ fT (xT+1) +
T−1∑
t=1

ft(u)

We just assume u is a sequence in X , so we can take u = xT+1. Finally we have:

T∑
t=1

ft (wt+1) ≤
T∑
t=1

ft (wT+1) = min
u∈S

T∑
t=1

ft(u) (2.21)

From Equation (2.21) we can get Lemma 2.1.
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Theorem 2.3: Let X = Rn. Let ft(x) =
1
2 ∥x− zt∥2 for some zt ∈ Rn. Then

in this case, FTL has R (x1:T ) = O(logT )[3, Corollary 2.2]

Proof. xt has closed form solution, xt = 1
t−1

∑t−1
i=1 xi.

And we can rewrite:

xt+1 =
1

t
(zt + (t− 1)xt) =

(
1− 1

t

)
xt +

1

t
zt (2.22)

We can get Equation (2.23) forEquation (2.22):

xt+1 − zt =
(
1− 1

t

)
(xt − zt) (2.23)

Then:
ft (wt)− ft (wt+1) =

1

2
∥wt − zt∥2 −

1

2
∥wt+1 − zt∥2

=
1

2

(
1−

(
1− 1

t

)2
)
∥wt − zt∥2

≤ 1

t
∥wt − zt∥2 .

Let L = maxt ∥zt∥, since wt is average of Zi, we have:

T∑
t=1

(ft (wt)− ft (wt+1)) ≤ (2L)2
T∑
t=1

1

t

Using Lemma2.1 and inequality
∑T

t=1 1/t ≤ log(T ) + 1, we will get this theorem.

FTL fails when you are dealing with the online linear optimization as shown in [3],
Example 2.3. And if there is much noise in the past, It’s hard to get a good result by
FTL. We know that FTL is frequently a ”greedy” algorithm that takes advantage of
the best choices that may be inferred from previous results. While this may result
in strong performance in the short term, it may also prevent the algorithm from
exploring novel and maybe superior alternatives.

To avoid above problem, there are some popular variations include algorithms like
FTRL (Follow the Regularized Leader), FTPL (Follow the Perturbed Leader) and
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Online Mirror Descent. These variations aim to improve robustness, adaptivity,
exploration-exploitation balance, and provide stronger theoretical guarantees. And
the variations of FTL are what we will discuss next.

2.4.1 Follow the Regularized Leader

A well-known online optimisation approach called Follow the Regularised Leader
(FTRL) expands the idea of Follow the Leader (FTL) by using regularisation meth-
ods. It is frequently used in machine learning applications, especially for online
learning jobs where judgements must be made instantly and the data is sent se-
quentially.

By including a regularisation term to the decision-making process, FTRL overcomes
the FTL algorithm’s drawbacks of being noise-sensitive and lacking an exploration-
exploitation balance. By placing restrictions or penalties on the decision distribu-
tion, this regularisation term promotes diversity and lowers the chance of overfitting
to noisy or ambiguous data. Regularisation improves FTRL’s ability to manage
noisy or non-stationary situations and adapt to changing circumstances.

Firstly, the definition of update step of FTRL is:

Definition 2.3: Follow the Regularized Leader:

∀t, xt = argmin
x∈S

t−1∑
i=1

fi(x) +R(x) (2.24)

Definition 2.4: Let’s consider a problem as following:

xt ∈ argmin
x∈S

R(x)− ⟨x, θt⟩ , θt = −η
t−1∑
i=1

ℓi, ℓi ∈ ∂fi (xi)

when we choose x̃t+1 so that ∇R (x̃t+1) = ∇R (x̃t)− ηℓt, if we don’t use x̃t in
practice, it is called Lazy OMD.

As we said before, OMD has some connections with FTRL, and in some cases their
predictions are equivalent. Let’s look at this case.
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Lemma 2.2: Let cost funtion is linear, Lazy OMD and FTRL produce identical
predictions[20]:

arg min
x∈K

{BR (x∥yt)} = arg min
x∈K

(
η

t−1∑
s=1

∇⊤
s x +R(x)

)
(2.25)

where BR is Bregman divergence.

Proof. From unconstrained minimum:

x⋆
t

def
= arg min

x∈Rn

{
t−1∑
s=1

∇⊤
s x +

1

η
R(x)

}
(2.26)

It satisfies:

∇R (x⋆
t ) = −η

t−1∑
s=1

∇s (2.27)

By definition we know yt also satisfies Equation (2.27) and R(x) is strictly convex.
So there is only one solution: yt = x⋆

t .

Then,
BR (x∥yt) = R(x)−R (yt)− (∇R (yt))

⊤ (x− yt)

= R(x)−R (yt) + η

t−1∑
s=1

∇⊤
s (x− yt)

(2.28)

Since R (yt) and
∑t−1

s=1∇⊤
s yt are independent of x, we would know that BR (x∥yt)

is minimized at the point x that minimizes R(x) + η
∑t−1

s=1∇⊤
s x over K. Finally we

will have:

arg min
x∈K

BR (x∥yt) = arg min
x∈K

{
t−1∑
s=1

∇⊤
s x +

1

η
R(x)

}
(2.29)

In actual problem, we need to choose different kind of regularizer (R(x)). Let’s start
from the definition of regularizers. We use following definition from [21]:

r0(x) = IX (x), rt(x) =
σt
2
∥x− xt∥2 , t ≥ 1 (2.30)
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where ∥ · ∥ is L2 norm, and IX (x) = 0 if x ∈ X and ∞ otherwise. And we use
following parameters if we consider the prediction in time t (c̃t):

σt = σ
(√

h1:t −
√
h1:t−1

)
, σ1 = σ

√
h1,ht = ∥ct − c̃t∥2 (2.31)

where σ ≥ 0, ct = ∇ft (xt) and h1:t =
∑t

i=1 hi. The update step of OFTRL (we
introduce the predictions and consider it is optimistic FTRL) is:

xt+1 = arg min
x∈Rm

{
r0:t(x)− (c1:t + c̃t+1)

⊤ x
}

(2.32)

Theorem 2.4: The regret bound of OFTRL is[4]:

RT ≤ 2
√

2(1 + JC)

√√√√ T∑
t=1

∥ct − c̃t∥2 (2.33)

Proof. From ([22], Theorem 1), we have:

RT ≤ r1:T (x⋆) +
T∑
t=1

∥ct − c̃t∥2(t),⋆) , ∀x⋆ ∈ X (2.34)

where r0:t(x) is 1strongly-convex w.r.t. some norm ∥ · ∥(t).

In our case, r1:t is 1-strongly-convex w.r.t. norm ∥x∥(t) =
√
σ1:t∥x∥ which has

dual norm ∥x∥(t),⋆ = ∥x∥/
√
σ1:t. Using the definition in Equation (2.31), we have

σ1:t = σ
√
h1:t. Then from Equation (2.34) we can get:

RT ≤
σ

2

√
h1:TD

2
X +

T∑
t=1

ht

σ
√
h1:t

(2.35)

For x, we can bound the norm term as follow:

∥x− xt∥2 =
∑
n,j

(
ynj − ytnj

)2
+
∑
n,i,j

(
znij − ztnij

)2
(a)

≤
∑
n,j

∣∣ynj − ytnj
∣∣+∑

n,i,j

∣∣znij − ztnij
∣∣ (b)≤ 2(JC + 1) ≜ D2

X

(2.36)

Finally, we can use σ = 2/DX and ([23],Lemma 3.5) to get the result.
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FTRL (Follow the Regularized Leader) is an algorithm that minimizes a cumula-
tive loss function by iteratively making decisions based on observed outcomes. It
incorporates regularization to control decision complexity and prevent overfitting.
We know that FTRL overcome some shortage of FTL. However, it has limitations
in terms of complexity, computational overhead. Next, I will introduce a simpler
algorithm, which will also be the main algorithm used later.

2.4.2 Follow the Perturbed Leader

Follow the Perturbed Leader (FTPL) expands on the idea of Follow the Leader
(FTL) by adding randomization or perturbations to the decision-making process. It
is frequently employed in situations where decision-making must adjust to ambigu-
ous or shifting environments.

The FTPL algorithm makes decisions iteratively based on results observed in order
to reduce cumulative loss. The decision selection in FTPL, in contrast to FTL,
includes perturbations or randomizations. By introducing noise into the decision-
making process, it facilitates exploration and helps reduce excessive dependence on
past information.

The update step of FTPL can be defined as:

Definition 2.5: Follow the Perturbed Leader:

∀t, xt = argmin
x∈S

t−1∑
i=1

fi(x) + ηγ (2.37)

where η is learning rate and γ is random noisy.

Now let’s discuss performance in caching problems. We assume that the distur-
bance term ((γ)) will initially be generated by a standard normal distribution. The
sequence of predictions at each step will be generated as follows:

yt ← arg max
y∈Y
⟨y,Xt + ηtγ⟩

where X is the accumulated requests. We consider yt is cache state in time t in this
part.
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Theorem 2.5 The regret bound for FTPL in caching problem is[24]:

E{γt}t≥1

(
RFTPL

T

)
≤ 1.51(logN)1/4

√
CT

Proof. Define the potential function:

Φη(x) = Eγ∼N (0,I)

[
max
y∈Y
⟨y,x+ ηγ⟩

]
(2.38)

Using the Taylor’s expansion of Φ, we have:

Φ(Xt+1) = Φ (Xt) + ⟨∇Φ(Xt) , xt⟩+
1

2

〈
xt,∇2Φ(x̃t)xt

〉
(2.39)

for some x̃t on the line segment connecting Xt and Xt+1 = Xt + xt.

Thus,
E [⟨yt, xt⟩] = Φ (Xt+1)− Φ(Xt)−

1

2

〈
xt,∇2Φ(x̃t)xt

〉
(2.40)

Summing up over T, we have:

E (RT ) ≤ Φη (X1) +
1

2

T∑
t=1

〈
xt,∇2Φη (x̃t)xt

〉
(2.41)

First part can be bound as follow[25]:

Φη (X1) ≤ η

√√√√2C log
(

N

C

)
≤ Cη

√
2 logN, (2.42)

For second part, we have:

〈
xt,∇2Φη (x̃t)xt

〉
≤ max

i,x

(∣∣∇2Φη(x)
∣∣)

i
(2.43)

From Lemma 7 in [26]:

(
∇2Φη(x)

)
ij
=

1

η
E [ŷ (x̃t + ηγ)i γj ] (2.44)
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where ŷ(z) ∈ arg maxy∈†⟨y, z⟩. Finally, we get:

E (RT ) ≤ Cη
√
2 logN +

T

η
√
2π

(2.45)

If we choose η = 1
(4π logN)1/4

√
T
C , we will have:

E{γt}t
(
RFTPL

T

)
≤ 1.51(logN)1/4

√
CT (2.46)

In the above problem, we did not consider the introduction of predictions like
OFTRL. Similarly, let’s analyze the performance of OFTPL.

Theorem 2.6: The regret of OFTPL is:

Eγ [RT ] ≤ 3.68
√
C

(
ln Ne

C

)1/4

√√√√ T∑
t=1

∥xt − x̃t∥21. (2.47)

where for any time horizon T and N ≥ 2C with C ≥ 11[21, Theorem 3].

Proof. Similarly, we can use potential function to get Equation (2.48).

Φt (Xt) = Φt (Xt−1 + x̃t)+⟨∇Φt (Xt−1 + x̃t) ,xt − x̃t⟩+
1

2

〈
xt − x̃t,∇2Φt (x̂t) (xt − x̃t)

〉
(2.48)

From the convexity of Φt(·), we have:

Φt (Xt−1 + x̃t) ≤ Φt (Xt−1) + ⟨∇Φt (Xt−1 + x̃t) , x̃t⟩ (2.49)

From Equation (2.48) and Equation (2.49) we can get:

Φt (Xt) ≤ Φt (Xt−1) + ⟨∇Φt (Xt−1 + x̃t) ,xt⟩+
1

2

〈
xt − x̃t,∇2Φt (x̂t) (xt − x̃t)

〉
.

(2.50)
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Then,

ΦT (XT ) ≤
T∑
t=1

(
Φt (Xt−1)− Φt−1 (Xt−1) + E

γ
[⟨xt,yt⟩] +

1

2

〈
xt − x̃t,∇2Φt (x̂t) (xt − x̃t)

〉)
(2.51)

Summing up over T, the bound can be written as follow:

RT ≤ Φ(XT )−
T∑
t=1

R [⟨xt,yt⟩] ≤
T∑
t=1

(
Φt (Xt−1)− Φt−1 (Xt−1) +

1

2
∥xt − x̃t∥Ht

)
.

(2.52)

First part can be bound as follow:

T∑
t=1

Φt (Xt−1)− Φt−1 (Xt−1) =

T∑
t=1

R
γ
[Φ (Xt−1 + ηtγ)− Φ(Xt−1 + ηt−1γ)]

(a)

≤
T∑

t=1

E
γ
[Φ ((ηt − ηt−1) γ)]

(b)

≤
T∑

t=1

(ηt − ηt−1)E
γ
[Φ(γ)]

≤ ηTR
γ

[
max

y
⟨y, γ⟩

]
(c)

≤ ηT

√√√√2C ln
(

N

C

)
(d)

≤ ηTC
√
2 ln(Ne/C),

(2.53)

where (a) and (b) follow from the sub-linearity of the potential function; (c) from

Massart’s lemma. (d) from
(

N

C

)
≤
(
Ne
C

)C .

In order to bound the second part, we need to bound Hessian matrix item firstly.

∣∣Ht
i,j

∣∣ = 1

ηt

∣∣∣∣Eγ [ỹ (x̂+ ηtγ)i γj ]

∣∣∣∣ ≤ 1

ηt
E
γ
[|ỹ (x̂+ ηtγ)i| |γj |] ≤

1

ηt
E
γ
[|γi|] ≤

1

ηt

√
2

π
,

(2.54)

Then second part can be bounded as:

∥xt − x̃t∥Ht
= ⟨xt − x̃t,Ht (xt − x̃t)⟩ =

∑
i,j

(xt,i − x̃t,i)H
t
ij (xt,j − x̃t,j)

(a)

≤
∑
i,j

∣∣(xt,i − x̃t,i)
∥∥Ht

ij

∥∥ (xt,j − x̃t,j)
∣∣ (b)≤ 1

ηt

√
2

π

(∑
i

|(xt,i − x̃t,i)|

)2

=
1

ηt

√
2

π
∥xt − x̃t∥21

(2.55)
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Actually there is another way to bound second part:

1

2
∥xt − x̃t∥Ht

= Φt (Xt)− Φt (Xt−1 + x̃t)− ⟨∇Φt (Xt−1 + x̃t) ,xt − x̃t⟩

= E
γ
[Φ (Xt + ηtγ)− Φ(Xt−1 + x̃t + ηtγ)] + ⟨∇Φt (Xt−1 + x̃t) , x̃t − xt⟩

(a)

≤ Φ(xt − x̃t)+

+ ⟨∇Φt (Xt−1 + x̃t) , x̃t − xt⟩ = max
y∈X
⟨y,xt − x̃t⟩+ ⟨∇Φt (Xt−1 + x̃t) , x̃t − xt⟩

(b)

≤ 2 ∥xt − x̃t∥1
(2.56)

Based on these ways, we can bound second part:

1

2
∥xt − x̃t∥Ht

≤ min
(

1√
2π

∥xt − x̃t∥21
ηt

, 2 ∥xt − x̃t∥1

)
(2.57)

Then,

1

2
∥xt − x̃t∥Ht

≤ min

 ∥xt − x̃t∥21
√
2πβ

√∑t−1
τ=1 ∥xτ − x̃τ∥21

, 2
∥xt − x̃t∥21

√
2πβ

√
∥xt − x̃t∥21


(a)

≤ 3√
2πβ

∥xt − x̃t∥21√∑t
τ=1 ∥xτ − x̃τ∥21

(2.58)

where (a) is min (a1/a2, b1/b2) ≤ a1+a2
b1+b2

for two positive fractions. ηt = β
√∑t−1

τ=1 ∥xτ − x̃τ∥21,
t ≥ 1 , and 0 < β ≤ 1√

2π
.

The final bound we get is:

B
γ
[RT ] ≤ ηTC

√
2 log(Ne/C) +

3√
2πβ

T∑
t=1

∥xt − x̃t∥21√∑t
r=1 ∥xτ − x̃τ∥21

. (2.59)

Since second part can be bounded as:

T∑
t=1

∥xt − x̃t∥21√∑t
τ=1 ∥xτ − x̃τ∥21

≤
T∑
t=1

∫ ∑t
τ=1∥xτ−x̃τ∥21∑t−1

τ=1∥xτ−x̃τ∥21

dx√
x
=

∫ ∑T
τ=1∥xτ−x̄τ∥21

0

dx√
x

= 2

√√√√ T∑
τ=1

∥xτ − x̃τ∥21

(2.60)

we can get the final result:

Eγ [RT ] ≤

√√√√ T∑
τ=1

∥xτ − x̃τ∥21(C
√

2 ln(Ne/C))β +
6

β
√
2π

 (2.61)
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To get a minimum value, we can choose β =
√

3
C

(
1

π ln(Ne/C)

)1/4
, C ≥ 11.

We can see that when this algorithm considers predictions, its performance depends
on the accuracy of the predictions. When we have a perfect prediction, the theoret-
ical regret boundary is 0.

Now we consider switching cost without taking into account predictions. We have
noticed that in our previous questions, we have always assumed that switching
between two different caching configurations has no cost. Now we consider that
moving a unit of files will generate a cost of D. We can get its performance through
the following theorem.

Theorem 2.7: With switching cost, the regret bound of FTPL is[11]:

E (RT ) ≤
2

π1/4

√
C(D + 1)(ln(N/C))1/4

√
T , (2.62)

Proof. The regret bound can be written as:

E (RT ) = sup
y∈Y
⟨y,Xt)−

T∑
t=1

E (yt,xt⟩

+
D

2

T∑
t=1

E ∥yt − yt−1∥1

(2.63)

The first part and the second part of Equation (2.63) we have proved in Theorem 2.5.
We only need to bound third part. And note that we are considering a discrete
caching problem.

Figure 2.2. Switching cost



2.5 Summary 27

We have Eγ [∥yt − yt−1∥1] = 2P (yt ̸= yt−1), because either ∥yt − yt−1∥1 = 0 or
∥yt − yt−1∥1 = 2. For single cache problem, we consider the case in Figure 2.2,
where X ′

t,f = Xt,f + ηγf , X ′
Nj ,(f)

denote the fth component of the sorted vector
when we ignore the file j. Then,

P (yt+1 ̸= yt) =P
(
X ′

Nft ,(C) ≥ X ′
t,ft > X ′

Nft ,(C) − 1
)

=P
(
XNft ,(C) −Xt,ft

)
/η ≥ γft >

(
X ′

Nft ,(C) −Xt,ft

)
/η
)
− 1/η

)
=E

(
EP
(
X ′

Nft ,(C) −Xt,ft

)
/η ≥ γft >

(
X ′

Nft ,(C) −Xt,ft

)
/η
)
− 1/η | X ′

Nft ,(C)

)
(2.64)

By definition of γ, we get:

P (yt+1 ̸= yt) ≤
1√
2πη

(2.65)

From Theorem 2.5 and Equation (2.65), we have:

E (RT ) = Cη
√
2 ln(N/C) +

T

η
√
2π

+
DT

η
√
2π

= Cη
√

2 ln(N/C) +
T

η
√
2π

(1 +D).

(2.66)

Finally, we can choose η =
√

T (D + 1)/C(4π ln(N/C))−1/4 to get the minimum
regret bound. Then we could get the bound in Theorem 2.7.

We can see that the algorithm of FTPL is simpler and easier to calculate than
FTRL, and it can also overcome the shortcomings of FTL. So in this work, I will
start from the FTPL algorithm and analyze the possible performance in different
cases.

2.5 Summary

All these algorithms for online optimisation have their own advantages and disadvan-
tages. OGD offers a straightforward and effective method, but it may be lacking in
robustness and exploration abilities. By adding a mirror map, OMD expands OGD,
allowing for greater flexibility and accommodating a wider variety of loss functions.
FTL is simple, but noise-sensitive and has an unbalanced exploration-exploitation
ratio. By incorporating regularisation techniques and striking a balance between
exploitation and regularisation, FTRL addresses these limitations. In order to ex-
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plore different options and adapt to uncertain or dynamic environments, FTPL
introduces randomization.

In reality, the choice of algorithm is influenced by the peculiarities of the problem,
the characteristics of the data, and the trade-offs between computational robust-
ness, exploration, and efficiency. Based on the needs and limitations of the current
optimisation task, researchers and practitioners frequently select one of these algo-
rithms.

Table 2.2. Summary of different algorithms in different cases

Algorithm Conditions Guarantees Complexity Discrete/Continuous SourceBest case Worst case
OMD Single cache o(

√
T ) o(N) Continuous [24]

FTPL-based uncoded
caching policy Single cache o (poly-log(N)

√
T ) o(N) Continuous [24]

OGA Single cache o(
√
T ) o(N2) Continuous [2]

FTPL Bipartite network o (poly-log(N)
√
T ) o(N) Discrete [27]

TBGRD General network o (poly-log(N)
√
T ) o(N) Continuous [28]

FTRL Single cache,
prediction o(

√
T ) o(N) Continuous [4]

FTRL Bipartite network,
prediction o(

√
T ) o(N) Continuous [4]

OFTRL Single cache,
prediction 0 o(

√
T ) o(N2) Discrete [21]

OFTPL Single cache,
prediction 0 o (poly-log(N)

√
T ) o(N) Discrete [21]

OFTPL-unequal Single cache,
prediction, unequal size 0 o(

√
T ) o(N2) Discrete [21]

OFTRL-unequal Single cache,
prediction, unequal size 0 o (poly-log(N)

√
T ) o(N) Discrete [21]

OFTRL Bipartite network,
prediction 0 o(

√
T ) o(N2) Discrete [21]

Experts Single cache,
prediction b<0 R

(w)
T + o(

√
T ) o(N) Discrete [21]
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Chapter 3

Performance Analysis

The Follow the perturbed leader (FTPL), as shown in Algorithm 1, is an algorithm
used in online learning and decision-making. It operates in adversarial environments,
where an agent must repeatedly choose actions without knowing future outcomes.
FTPL selects an action by perturbing the accumulated information, encouraging
exploration and preventing over-reliance on a single expert. The algorithm has
theoretical guarantees and achieves sublinear regret, making it effective in adapt-
ing to changing environments. FTPL strikes a balance between exploration and
exploitation, making it valuable for decision-making in adversarial settings.

3.1 FTPL with Batched Requests and Switching Costs

Batched requests of Follow the Perturbed Leader refer to a modified version of the
algorithm that updates the cache only after having collected a batch of requests.
Instead of making decisions for each request independently, FTPL processes them
in batches. It offers several advantages, such as improved computational efficiency
and reduced communication overhead. By processing multiple requests together, it
enables parallel processing, making it particularly beneficial in large-scale and high-
frequency scenarios. But when we consider batched case, its theoretical performance
would be different from single case. We can see the result got in Theorem 3.1.
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Algorithm 1 The FTPL Caching Policy with Swithcing Cost[11]
1: Learning rate {ηt}t≥1, switching cost D ≥ 0, cache capacity C, initial cache-

configuratiot y0

2: X1 ← 0
3: Sample: γ ∼ N (0, I)
4: for t=1 to T do
5: Cache the top C files corresponding to the perturbed cumulative count vector

Xt + ηtγ, i.e.,
6: yt ← arg maxy∈Y ⟨y,Xt + ηtγ⟩
7: User requests a file corresponding to the request vector xt

8: The policy receives a reward qt = ⟨yt,xt⟩ − D
2 ∥yt − yt−1∥1

9: Update Xt+1 ←Xt + xt

10: end for

Theorem 3.1. The regret of FTPL with switching cost in the batched case is
upper-bounded as:

E (RT ) ≤ Cη
√

2 logN +
mT

η
√
2π

+min{CT

m
,

DT

η
√
2π
} (3.1)

where m is the batch size, N is the number of files, D is the switching cost to
fetch 1 file into cache, C is the cache size.

Proof. Define the potential function:

Φη(x) = Eγ∼N(0,I)

[
max
y∈y
⟨y,x+ ηγ⟩

]
(3.2)

With noise variance η is upper bounded as Equation (2.41):

E
(
RT/m

)
≤ Φη (X1) +

1

2

T/m∑
i=1

〈
xi,∇2Φη (x̃i)xi

〉
, (3.3)

The first term would be bounded as follow:

Φη (X1) ≤ η

√√√√2C log
(

N

C

)
≤ Cη

√
2 logN (3.4)



3.1 FTPL with Batched Requests and Switching Costs 31

The second term is:

〈
xi,∇2Φη (x̃i)xi

〉
≤ m2 ×max

i,j,x

(∣∣∇2Φη(x)
∣∣)

ij
(3.5)

Using Jensen’s inequality we have that ([24], Theorem 3):

(∣∣∇2Φη(x)
∣∣)

ij
≤ 1

η
E [|ŷ (x̃i + ηγ)i| |γj |]

(a)

≤ 1

η
E [|γj |]

(b)
=

1

η

√
2

π
, (3.6)

where (a) follows from the fact that for all y ∈ Y , we have yi ∈ {0, 1}, and the
(b) follows from the fact that γi ∼ N(0, 1). Now we have an up bound for regret
without switching cost. E(RT ) ≤ Cη

√
2 logN + 1

2
T
m

m2

η

√
2
π

The third part of the switching cost can be bound as follow:

We know that in single-request case, regret for switching cost is D
η
√
2π

[11]. Let’s
define the set of all files excepting the jth file by Nj = [N ]\{j}, ∀j ∈ [N ]. For each
moved file in descending order of X ′ (X ′

t,f = Xt,f + ηγf , f is the order of file, and
Xt =

∑t−1
i=1 xi). ft is the number that has the largest X ′

t,ft
which will be fetched at

t+ 1, but not at t.

For further analysis, let’s consider how the switching cost changes when we request
twice at once. If both requests are the same and it is the file which will fetched in
next time, we have:

1

2
Eγ [∥yt − yt−1∥1] ≤ P

(
X ′

Nft ,(C) ≥ X ′
t,ft > X ′

Nft,(C) − 2
)

= P
(
XNft ,(C) −Xt,ft

)
/η ≥ γft >

(
X ′

Nft ,(C) −Xt,ft

)
/η − 2/η

≤ 1√
2π

∫ (XNft
,(C)−Xt,ft )/η

X′
Nft

,(C)
−Xt,ft )/η−2/η

1du =
2

η
√
2π

Next we consider another case. There are 2 files that need to be moved from server
to cache.

1

2
Eγ [∥yt − yt−1∥1] ≤

2∑
i=1

P
(
X ′

Nft+i−1,(C−2+i) ≥ X ′
t,ft+i−1 > X ′

Nft+i−1,(C−2+i) − 1
)
≤ 2

η
√
2π

We can find that the possible cost of moving a newly requested file into the cache
is the same as the cost of an additional request for a file that is about to enter the
cache at the next time. Based on the above analysis, we can conclude that when we
consider a batch of requests with size m, we can at most get the possible switching
cost of m

η
√
2π

in one step, but it should not exceed C.
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Finally, the regret in this case is upper-bounded as:

E (RT ) ≤ Cη
√
2 logN +

mT

η
√
2π

+min

{
CT

m
,

DT

η
√
2π

}
(3.7)

We can see that in this case, we can still get a sublinear regret when we take η ∝
√
T .

But if the batch size is too large, the regret might not be sublinear.

3.2 OFTPL with Batched Requests

Algorithm 2 The OFTPL Caching Policy without Switching Cost[21]
1: Input: η1 = 0, y1 = arg miny∈X ⟨y, x1⟩
2: Output: yt ∈ Y
3: Sample: γ ∼ N (0, I)
4: for t=2,3... to T do
5: x̃t ← prediction

6: ηt =
1.3√
C

(
1

ln(Ne/C)

) 1
4
√∑t−1

τ=1 ∥xτ − x̃τ∥21
7: yt = argmaxy∈X ⟨y, Xt−1 + x̃t + ηtγ⟩
8: The policy receives a reward qt = ⟨yt,xt⟩
9: Xt = Xt−1 + xt

10: end for

When we introduce predictions, the optimistic FTPL algorithm (OFTPL) can get
a better bound when we have good predictions[21]. We consider the OFTPL algo-
rithm in Algorithm 2. Note that there is no switching cost in this part. Similarly,
let us analyze the performance of the above algorithm under batched requests.

Theorem 3.2. The regret of OFTPL without switching cost in batched cases
is upper-bounded as:

E[RT ] ≤ 2
√
mT

(
C
√
2 ln(Ne/C))β +

6

β
√
2π

)
(3.8)
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Proof. From ([21], Theorem 3), we have the regret in unbatched case.

Eγ [RT ] ≤

√√√√ T∑
τ=1

∥xτ − x̃τ∥21
(
C
√

2 ln(Ne/C))β +
6

β
√
2π

)
(3.9)

In batched requests,

Eγ [RT ] ≤

√√√√T/m∑
τ=1

∥xτ − x̃τ∥21
(
C
√

2 ln(Ne/C))β +
6

β
√
2π

)

=

√√√√T/m∑
τ=1

(
N∑
i=1

|xτ,i − x̃τ,i|

)2(
C
√
2 ln(Ne/C))β +

6

β
√
2π

)

≤

√√√√T/m∑
τ=1

(2m)2
(
C
√

2 ln(Ne/C))β +
6

β
√
2π

)
= 2
√
mT

(
C
√

2 ln(Ne/C))β +
6

β
√
2π

)
.

When we do not make any assumptions about requests and predictions, we can get
the upper bound above. We can see that as the batch size increases, our bounds
also increase. Next, we make assumptions about the distribution of the request and
prediction sequences, then we can get the results of Lemma 3.1.

Lemma 3.1. Assume xτ,i ∼ Poisson(λim), m0 is a first warm-up interval. we
have 2 conclusions in OFTPL:

• with perfect predictor, batch size does not affect our regret.
• consider predictor as a random variable, we have the optimal batch size

m0/2.

Proof. Look at the Equation (3.9) we have:

Eγ [RT ] ≤

√√√√T/m∑
τ=1

∥xτ − x̃τ∥21
(
C
√

2 ln(Ne/C))β +
6

β
√
2π

)

When we consider xτ,i ∼ Poisson(λim). There are 2 options[12]:
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1) prediction is a constant and a perfect predictor for expected number
of future requests.

Let C
√

2 ln(Ne/C))β + 6
β
√
2π

= k, then we have:

Eγ [RT ] ≤ Eγ

k
√√√√T/m∑

τ=1

∥xτ − x̃τ∥21


= Eγ

k
√√√√T/m∑

τ=1

(
N∑
i=1

√
(xτ,i − x̃τ,i)2

)2


≤ k

√√√√T/m∑
τ=1

(
N∑
i=1

√
Eγ [(xτ,i − x̃τ,i)2]

)2

= k

√√√√T/m∑
τ=1

(
N∑
i=1

√
V ar(xτ,i)

)2

= k

√√√√T/m∑
τ=1

(
N∑
i=1

√
λim

)2

= k

√√√√T

(
N∑
i=1

√
λi

)2

This means that with perfect prediction there is no loss in batched cases compared
to different batch size.

2) xτ,i, x̃τ,i ∼ Poisson(λim)

Looking at the expection of (xτ,i − x̃τ,i)², We have:

E
[
(xτ,i − x̃τ,i)

2
]
= E

[
(xτ,i − x̃τ,i − E [xτ,i] + E [xτ,i]− E [x̃τ,i] + E [x̃τ,i])

2
]
=

Var (xτ,i) + Var (x̃τ,i) + (E [xτ,i]− E [x̃τ,i])
2 =

2λim, τ > 1

λim+
(

m
m0

)2
λim0, τ = 1.

(3.10)
The initial prediction is given by x1,i =

n1,i(m0)
m0

, where nτ,i(m) is the number of
arrivals in the interval [τ, τ +m], and m0 is a first warm-up interval.

Finally we have:

T/m∑
τ=1

(
N∑
i=1

√
Eγ [(xτ,i − x̃τ,i)2]

)2

=

 N∑
i=1

√
λim+

m2λi

m0

2

+

(
T

m
− 1

)( N∑
i=1

√
2λim

)2

(3.11)
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Taking the first derivative of the above result:

2

(
N∑
i=1

√
λim+

m2λi

m0

)1

2

N∑
i=1

λi +
2mλi
m0√

λim+ m2λi
m0

− T

m2

(
N∑
i=1

√
2λim

)2

+ 2

(
T

m
− 1

)( N∑
i=1

√
2λim

)(
1

2

N∑
i=1

2λi√
2λim

)

=

(
N∑
i=1

√
λim+

m2λi

m0

) N∑
i=1

√
λi +

2m
√

λi

m0√
m+ m2

m0

− T

m2

(
N∑
i=1

√
2λim

)2

+

(
T

m
− 1

)( N∑
i=1

√
λim

)(
N∑
i=1

2
√
λi√
m

)

=

(
N∑
i=1

√
λi +

mλi

m0

) N∑
i=1

√
λi +

2m
√

λi

m0√
1 + m

m0

− T

m

(
N∑
i=1

√
2λi

)2

+ 2

(
T

m
− 1

)( N∑
i=1

√
λi

)2

=

√
1 +

m

m0

(
N∑
i=1

√
λi

) 1 + 2m
m0√

1 + m
m0

( N∑
i=1

√
λi

)
− 2T

m

(
N∑
i=1

√
λi

)2

+ 2

(
T

m
− 1

)( N∑
i=1

√
λi

)2

=

(
1 +

2m

m0

)( N∑
i=1

√
λi

)2

− 2T

m

(
N∑
i=1

√
λi

)2

+ 2

(
T

m
− 1

)( N∑
i=1

√
λi

)2

Let it be equal to 0, we finally have the following optimal batch size: m0/2.

When we assume that requests follow a Poisson distribution, we can see that when
the prediction is a mean of future expectations, our bounds will be independent of
the batch size. If we further assume that the predictions also obey the same Poisson
distribution, we can get an optimal batch size m0/2.

3.3 OFTPL with Switching Costs

In this section, we discuss the performance of OFTPL (Optimistic Follow the Per-
turbed Leader) considering the switching cost. Let’s start with the definition of the
switching cost: From [11], we know the switching cost can be written as follows:
D
2

∑T
t=1 E ∥yt − yt−1∥1

Let’s look at the vector in the equation above:

yt − yt−1
(a)
= ∇Φt (Xt−1 + x̃t)−∇Φt−1 (Xt−1 + x̃t−1)

(b)
= Eγ

[
γ

(
1

ηt
Φ(Xt−1 + x̃t + ηtγ)−

1

ηt−1
Φ(Xt−2 + x̃t−1 + ηt−1γ)

)]
= Eγ [γJt]

(3.12)
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Where Jt =
1
ηt
Φ(Xt−1 + x̃t + ηtγ)− 1

ηt−1
Φ(Xt−2 + x̃t−1 + ηt−1γ), Φ(x) = maxy∈Y⟨y, x⟩

is a baseline potential function. The first step (a) is from ([21], Theorem 3), and
the second step (b) is from ([26], Lemma 7).

The relation between Φt(·) and Φ(·) is:

Φt(x) = E
γ∼N (0,I)

[
max
y∈X
⟨y,x+ ηtγ⟩

]
= E

γ
[Φ (x+ ηtγ)] (3.13)

Algorithm 3 The OFTPL Caching Policy with Switching Cost
1: Input: η1 = 0,y1 = arg miny∈X ⟨y,x1⟩
2: Output: yt ∈ Y
3: Sample: γ ∼ N (0, I)
4: for t=2,3... to T do
5: x̃t ← prediction
6: ηt =

√
4D

2C
√

π ln(Ne/C)

√
(t− 1) + 1

4

∑t−1
τ=1 ∥xτ − x̃τ∥21

7: yt = argmaxy∈X ⟨y,Xt−1 + x̃t + ηtγ⟩
8: The policy receives a reward qt = ⟨yt,xt⟩ − D

2 ∥yt − yt−1∥1
9: Xt = Xt−1 + xt

10: end for

Through the above steps, we can see that, in order to obtain the boundary of the
switching cost, we need to analyze Jt first. Then we can get the result of Lemma
3.2 as follows.

Lemma 3.2. For Jt =
1
ηt
Φ(Xt−1 + x̃t + ηtγ) − 1

ηt−1
Φ(Xt−2 + x̃t−1 + ηt−1γ),

generally we have:
|Jt| ≤ 1 +

1

4
∥xt − x̃t∥21 (3.14)

Proof. Jt =
1
ηt
Φ(Xt−1 + x̃t + ηtγ)− 1

ηt−1
Φ(Xt−2 + x̃t−1 + ηt−1γ).

Let us consider two cases, 1) Jt > 0, 2) Jt ≤ 0.

1) Jt > 0
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|Jt| =
1

ηt
Φ(Xt−1 + x̃t + ηtγ)−

1

ηt−1
Φ(Xt−2 + x̃t−1 + ηt−1γ)

(a)
= Φ

(
1

ηt
(Xt−1 + x̃t + ηtγ)

)
− Φ

(
1

ηt−1
(Xt−2 + x̃t−1 + ηt−1γ)

)
(a)

≤ Φ

(
1

ηt
(Xt−1 + x̃t)−

1

ηt−1
(Xt−2 + x̃t−1)

)
(b)

≤ 1

ηt
Φ(Xt−1 + x̃t −Xt−2 − x̃t−1)

=
1

ηt
Φ(xt−1 + x̃t − x̃t−1)

=
1

ηt

(
1 +

1

4
∥xt−1 − x̃t−1∥21

)
where (a) is the property of sublinear function, (b) represents the monotonically
increasing property of the function. In the last step, Φ(xt−1 + x̃t − x̃t−1) is 1 when
the prediction is right and 2 when it is not. Φ(xt−1 + x̃t − x̃t−1) has the same value
in single cache problem.

Finally we can have the final equation hold, which means we can bound Jt by using
numbers and prediction accuracy, and it would be helpful for the following proof.

2) Jt ≤ 0

|Jt| = |
1

ηt
Φ(Xt−1 + x̃t + ηtγ)−

1

ηt−1
Φ(Xt−2 + x̃t−1 + ηt−1γ) |

=
1

ηt−1
Φ(Xt−2 + x̃t−1 + ηt−1γ)−

1

ηt
Φ(Xt−1 + x̃t + ηtγ)

(a)
= Φ

(
1

ηt−1
(Xt−2 + x̃t−1 + ηt−1γ)

)
− Φ

(
1

ηt
(Xt−1 + x̃t + ηtγ)

)
(a)

≤ Φ

(
1

ηt−1
(Xt−2 + x̃t−1)−

1

ηt
(Xt−1 + x̃t)

)
=

1

ηt
Φ

(
ηt

ηt−1
(Xt−2 + x̃t−1)− (Xt−1 + x̃t)

)
(a)

≤ 1

ηt

[
Φ(

ηt
ηt−1

Xt−2 −Xt−2) + Φ(
ηt

ηt−1
x̃t−1 − xt−1 − x̃t)

]
=

1

ηt

[
ηt − ηt−1

ηt−1
Φ(Xt−2) + Φ(

ηt
ηt−1

x̃t−1 − xt−1)

]
(a)

≤ 1

ηt

[
ηt − ηt−1

ηt−1
Φ(Xt−2) + Φ(x̃t−1 − xt−1) + Φ(

ηt − ηt−1

ηt−1
x̃t−1)

]
(a)

≤ 1

ηt

[
ηt − ηt−1

ηt−1
Φ(Xt−2 + x̃t−1) + Φ(x̃t−1 − xt−1)

]
Where (a) is the property of sublinear function. We also have

ηt − ηt−1

ηt−1
Φ(Xt−2 + x̃t−1) ≤

ηt − ηt−1

ηt−1
(t− 1) (3.15)
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with the definition of Φ(·). If we choose ηt = β
√∑t−1

i=1(1 +
1
4∥xi − x̃i∥21), we have:

ηt − ηt−1

ηt−1
(t− 1) =

√∑t−1
i=1(1 +

1
4∥xi − x̃i∥21)−

√∑t−2
i=1(1 +

1
4∥xi − x̃i∥21)√∑t−2

i=1(1 +
1
4∥xi − x̃i∥21)

(t− 1)

=
1 + 1

4∥xt−1 − x̃t−1∥21√∑t−1
i=1(1+

1
4
∥xi−x̃i∥21)

√∑t−2
i=1(1+

1
4
∥xi−x̃i∥21)

t−1 +
∑t−2

i=1(1+
1
4
∥xi−x̃i∥21)

t−1

(3.16)

Let’s discuss Equation (3.16) further:

1) prediction is always right.

In this case, we have:

ηl − ηl−1

ηl−1
(t− 1) =

1√
(t−1)(t−2)

t−1 + t−2
t−1

We can see that it is always less than 1 for any t > 2.

2) there is sum of prediction error e in the past, where e ≥ 1.

In this case, the denominator we can write as:

denominator of Equation (3.16) =
√
(t− 1 + e)(t− 2 + e)

t− 1
+

t− 2 + e

t− 1

We can ensure that the denominator is a positive number greater than 2, with an
e ≥ 1, which means in this case it is still a number less than 1.

3) past predictions are right, and in time t− 1 there is a prediction error.

This is a special case that occurs only once. Before this, all possible cases are 1),
after this will be transferred to 2). And we can find:

ηl − ηl−1

ηl−1
(t− 1) =

2√
(t)(t−2)

t−1 + t−2
t−1

It does not hold that it is less than 1 when t is small, but it is smaller than 2 in any
case. Since it can only appear once, we can add the part greater than 1 to the final
bound as a constant item to make the above conclusions consistent.

Finally, we can say that ηt−ηt−1

ηt−1
(t − 1) ≤ 1. ( it may be greater than 1 (< 2) only

when the first prediction error occur. We can add 1 into our final sum of regret to
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remove this approximate error). Generally, |Jt| ≤ 1
ηt
(1 + 1

4∥xt−1 − x̃t−1∥21) is hold
from above results

Now that we have the upper bound of Jt, we can then analyze the initial boundary
to get the upper bound of the final switching cost.

Lemma 3.3. Switching cost in OFTPL case ≤ 2D
β
√
2π

√∑T
τ=1(4 + ∥xτ − x̃τ∥21)+

c0 where c0 is a constant smaller than D
√

2
π .

Proof. By the definition of switching cost and results from Lemma 3.2, if there is 1
switch at most in one step we have:

D

2

T∑
t=1

E ∥yt − yt−1∥1 ≤ D

T∑
t=1

[
1

ηt

√
2

π
(1 +

1

4
∥xt−1 − x̃t−1∥21)

]

=
D

β

√
2

π

T∑
t=1

 1 + 1
4∥xt−1 − x̃t−1∥21√∑t−1

i=1(1 +
1
4∥xi − x̃i∥21)


=

D

β
√
2π

T∑
t=1

 4 + ∥xt−1 − x̃t−1∥21√∑t−1
i=1(4 + ∥xi − x̃i∥21)


≤ D

β
√
2π

T∑
t=1

 4 + ∥xt − x̃t∥21√∑t
i=1(4 + ∥xi − x̃i∥21)


Since:

T∑
t=1

4 + ∥xt − x̃t∥21√∑t
τ=1(4 + ∥xτ − x̃τ∥21)

≤
T∑
t=1

∫ ∑t
τ=1(4+∥xτ−x̃τ∥21)∑t−1

τ=1(4+∥xτ−x̃τ∥21)

dx√
x

=

∫ ∑T
τ=1(4+∥xτ−x̃τ∥21)

0

dx√
x

= 2

√√√√ T∑
τ=1

(4 + ∥xτ − x̃τ∥21)

(3.17)
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Finally, we have:

switching cost ≤ 2D

β
√
2π

√√√√ T∑
τ=1

(4 + ∥xτ − x̃τ∥21) + estimated error(c0) (3.18)

When we get the bound of the exchange cost in this case, we can simply get the final
upper bound of regret by combining the part that does not consider the switching
cost (Theorem 3.3).

Theorem 3.3. The regret bound of OFTPL with switching cost:

E[RT ] ≤ βC
√

2 ln(Ne/C)

√√√√ T∑
τ=1

(1 +
1

4
∥xτ − x̃τ∥21) +

6√
2πβ

√√√√ T∑
τ=1

∥xτ − x̃τ∥21

+
4D

β
√
2π

√√√√ T∑
τ=1

(1 +
1

4
∥xτ − x̃τ∥21) + c0

(3.19)

Proof. From [21], we can get the regret of OFTPL with our parameter.

E
γ
[RT ] ≤ ηTC

√
2 ln(Ne/C) +

T∑
t=1

1

2
∥xt − x̃t∥Ht

(3.20)

With our η, we have:

1

2
∥xt − x̃t∥Ht

≤ min
(

1√
2π

∥xt − x̃t∥21
ηt

, 2 ∥xt − x̃t∥1

)

= min

 ∥xt − x̃t∥21
√
2πβ

√
1 +

∑t−1
τ=1 ∥xτ − x̃τ∥21

, 2
∥xt − x̃t∥21

√
2πβ

√
∥xt − x̃t∥21


≤ min

 ∥xt − x̃t∥21
√
2πβ

√∑t−1
τ=1 ∥xτ − x̃τ∥21

, 2
∥xt − x̃t∥21

√
2πβ

√
∥xt − x̃t∥21


(3.21)

Using the same way ([21], Theorem 3), we can get part of the final regret bound
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without switching cost:

E
γ
[RT ] ≤ ηTC

√
2 log(Ne/C) +

6√
2πβ

√√√√ T∑
τ=1

∥xτ − x̃τ∥21. (3.22)

With switching cost (c0 is the constant from the error in the first part, it should be
less than D

√
2
π ):

E [RT ] ≤ ηTC
√
2 ln(Ne/C) +

6√
2πβ

√√√√ T∑
τ=1

∥xτ − x̃τ∥21 +
4D

β
√
2π

√√√√ T∑
τ=1

(1 +
1

4
∥xτ − x̃τ∥21) + c0

≤ βC
√
2 ln(Ne/C)

√√√√ T∑
τ=1

(1 +
1

4
∥xτ − x̃τ∥21) +

6√
2πβ

√√√√ T∑
τ=1

∥xτ − x̃τ∥21

+
4D

β
√
2π

√√√√ T∑
τ=1

(1 +
1

4
∥xτ − x̃τ∥21) + c0

(3.23)

Through the above proof, we get the upper bound of the OFTPL algorithm with
the switching cost. We can see that this boundary is sublinear. Next let’s discuss
how our bound performs compared to algorithms without predictions.

First, we use Lemma 3.4 to compare the impact of different learning rates η on
the boundary without prediction. Because different forms of learning rates will get
different bounds, we need to choose a suitable bound for comparison.

Lemma 3.4. Without predictions, the regret obtained by the dynamic learning
rate is greater than the fixed learning rate.

Proof. From [11], we have 2 bound for FTPL with switching cost:

• Fixed η: E(RT ) ≤ Cη
√
2 ln(N/C) + T

η
√
2π
(1 +D), with η = β

√
T .

• Dynamic η (ηt = α
√
t): E (RT ) ≤ c1

√
T+c2 lnT+c3, with c1 = αC

√
2 ln(Ne/C)+

(2+3D)

α
√
2π

For the convenience of analysis, we simplify the regret with the dynamic learning
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rate as follows:

E(RT,dynamic) ≤
(
αC
√

2 ln(Ne/C) +
(2 + 3D)

α
√
2π

)√
T (3.24)

In fact, when we consider reasonable N and T, our simplified bound is always smaller
than the original bound.

Now let us look at the fixed η case:

E(RT,fixed) ≤
(
Cβ
√
2 ln(N/C) +

1 +D

β
√
2π

)√
T (3.25)

We can easily see that when the learning rate changes over time, the regret is always
greater than one with the fixed learning rate, because at least we can choose β = α

for any α and we will get this conclusion. This may be due to the fact that the
fixed learning rate has more information.

We should compare our algorithm performance with dynamic learning rate, for
OFTPL with switching cost has a dynamic learning rate. It can be seen that when
there are good predictions, we can get a better bound.

Lemma 3.5. In the case of dynamic learning rates, considering perfect predic-
tions with switching cost, we will get a better regret bound than one without
predictions.

Proof. We still consider a simplified one for case without prediction:

E(RT,dynamic) ≤
(
αC
√

2 ln(Ne/C) +
(2 + 3D)

α
√
2π

)√
T

With perfect predictions, the bound of regret we have is (without constant c0):

E[RT,pred] ≤ βC
√

2 ln(Ne/C)
√
T +

4D

β
√
2π

√
T (3.26)

We can see that in the case of dynamic learning rate, with perfect predictions, it
can get a smaller bound for the regret if D ≤ 2.

Comparing the two optimal parameters, we have α∗ =
√

2+3D

2C
√

π ln(Ne/C)
and β∗ =
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√
4D

2C
√

π ln(Ne/C)
. With D ≥ 2, it means β∗ ≥ α∗, it will learn more from noise.

Since our noise does not change after the initial sampling, a larger noise learning
rate means that the predictions will be closer to the noise, that is, the switching
will not tend to occur after a long learning period, because most of the predictions
will fall in the files with larger noise term.

From Lemma 3.5 we can choose an optimistic βopt =
√

2D

C
√

π ln(Ne/C)
, which can

ensure a smaller regret with good predictions. Substituting the βopt we obtained
into original regret bound Equation (3.19) (without c0), we have:

E[RT,pred] ≤ 4
√
DCπ− 1

4 ln(Ne/C)
1
4

√
T +D

√
2

π
(3.27)

The above results mean that when we choose an optimistic β, when we consider a
case where the switching cost is small enough (0 < β ≤ 1√

2π
), we can get a bound

close to 0.

Let’s go back to the beginning and consider the case where the switching cost is
0 with perfect prediction. At this time, our regret boundary is E [RT , pred] ≤
ηTC

√
2 ln(Ne/C) + 1

2

∥∥∥θt − θ̃t

∥∥∥
Ht

= ηTC
√
2 ln(Ne/C) . We can choose ηT = 0 to

get a 0 regret bound. To sum up, when there are perfect predictions, we can get a
smaller regret bound as the switching cost decreases until both parts are equal to
0.

We discussed the case of having perfect predictions, then let us analyze how our
bounds change when the predictions are not perfect. Let’s define a new parameter
ϵ, the accuracy of prediction. Based on this definition, we have

∑T
τ=1 ∥xτ − x̃τ∥21 =

4T × (1− ϵ). Then we can get Lemma 3.6.

Lemma 3.6. For the FTPL algorithm, with or without switching cost, in order
to get a better theoretical bound in the case of prediction, a high prediction
accuracy is required.

Proof. 1) without switching cost.

If we use the accuracy defined before, we can have the bound below:

• without predictions, E (RT ) ≤ Cη
√
2 ln(N/C) + T

η
√
2π
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• with predictions, E [RT , pred] ≤ 2
√

(1− ϵ)T (C
√
2 ln(Ne/C))β + 6

β
√
2π

)
By comparing these two boundaries, we can get that the prediction accuracy rate
must be at least greater than 95%, then we can get a better bound.

2) with switching cost

Similarly, we have the following bounds:

• E(RT ) ≤
(
αC
√
2 ln(Ne/C) + (2+3D)

α
√
2π

)√
T

• E [RT,pred] ≤ βC
√
2 ln(Ne/C)

√
2− ϵ+ 6√

2πβ

√
1− acc+ 4D

β
√
2π

√
2− ϵ

By comparing these two boundaries, we can get that the prediction accuracy rate
must be at least greater than 97% in this case for any D, otherwise we cannot get
a better bound.

Through Lemma 3.6, we may find that it requires a really high accuracy to consider
predictions. It looks confused, but we need remember the regret is the upper bound
of the loss compared to the best static strategy. It just means in worst cases, we
really need a high accuracy to have a better bound. In most cases, the algorithm
will perform better with predictions that are not too low in accuracy.

3.4 OFTPL with Batched Requests and Switching Costs

Based on the above work, we have obtained the regret of OFTPL with switching cost.
In this part we discuss the regret of batched requests for OFTPL with switching
cost, and we also assume that the batch size is m.

Theorem 3.4. For OFTPL with switching cost and batch m, the regret is:

E[RT ] ≤
(
βC
√
2 ln(Ne/C)

√
m+ 1 +

12√
2πβ

√
m+

4D

β
√
2π

√
m+ 1

)√
T

(3.28)
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Proof. From Equation (3.19), we have:

E[RT ] ≤ βC
√

2 ln(Ne/C)

√√√√ T∑
τ=1

(1 +
1

4
∥xτ − x̃τ∥21) +

6√
2πβ

√√√√ T∑
τ=1

∥xτ − x̃τ∥21

+
4D

β
√
2π

√√√√ T∑
τ=1

(1 +
1

4
∥xτ − x̃τ∥21) + c0

In batched requests,

E[RT ] ≤ βC
√

2 ln(Ne/C)

√√√√T +

T/m∑
τ=1

1

4
∥xτ − x̃τ∥21 +

6√
2πβ

√√√√T/m∑
τ=1

∥xτ − x̃τ∥21

+
4D

β
√
2π

√√√√T +

T/m∑
τ=1

1

4
∥xτ − x̃τ∥21 + c0

≤ βC
√

2 ln(Ne/C)

√√√√T +

T/m∑
τ=1

1

4

(
N∑
i=1

|xτ,i − x̃τ,i|

)2

+
6√
2πβ

√√√√T/m∑
τ=1

(
N∑
i=1

|xτ,i − x̃τ,i|

)2

+
4D

β
√
2π

√√√√T +

T/m∑
τ=1

1

4

(
N∑
i=1

|xτ,i − x̃τ,i|

)2

+ c0

≤ βC
√
2 ln(Ne/C)

√
T +mT +

6√
2πβ

√
4mT +

4D

β
√
2π

√
T +mT + c0

=

(
βC
√

2 ln(Ne/C)
√
m+ 1 +

12√
2πβ

√
m+

4D

β
√
2π

√
m+ 1

)√
T .

We can see that the regret, in this case, is also sublinear with the batch size m. We
can also use the method in Lemma 3.1 to make an assumption about the distribution
of request and prediction sequences, and then we can get Lemma 3.7.

Lemma 3.7. Assume xτ,i ∼ Poisson(λim), m0 is a first warm-up interval. we
have 2 conclusions in OFTPL with switching cost:

• with perfect predictor, batch size does not affect our regret.
• consider predictor as a random variable, we have the optimal batch size

m0/2.
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Proof. Let’s follow the proedure in Lemma 3.1.

1) prediction is a constant and a perfect predictor for expected number
of future reques

In this case, we can also get:

E[RT ] ≤ βC
√
2 ln(Ne/C)

√√√√T + T (

N∑
i=1

√
λi)2 +

6√
2πβ

√√√√T (

N∑
i=1

√
λi)2

+
4D

β
√
2π

√√√√T + T (

N∑
i=1

√
λi)2 + c0

(3.29)

We can also see that its regret is independent of the batch size m in this case.

2) xτ,i, x̃τ,i ∼ Poisson(λim)

In this case, after we take the first derivative of regret, we will find that the problem
we face is the same as the one in second part of Lemma 3.1, that is, we can only
derive the part containing the first order module to obtain the optimal value. Based
on this, we can get the same optimal batch size m0/2 in this case.

Based on the above analysis, we can see that, in the case of batched requests, we
can get similar results to the previous ones for OFTPL with switching costs. That
is, the batch size generally does not have a large impact on our regret bounds. Even
in some ideal cases, it does not have an effect on the regret boundary.

In the next section, I will simulate and compare the performance of FTPL and
OFTPL in various situations, and finally use real request data to observe the per-
formance of Algorithms.
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Chapter 4

Numerical Experiments

4.1 Experiments Setting

In our simulations, the unspecified sequences are all generated by the Zipf distribu-
tion. The parameter is α, the default value is 1.2. Number of catalogs is N =100.
For the comparison of different algorithms we set the time horizon T = 10000. At
each individual time t, we receive a single request. We limit the cache size to 20
units. The default value of switching cost for one unit file is 1 (D = 1). Note that
in this experiment we assume a single-cache system.

Batch Size: When we compare the performance of batch algorithms, there is a
batch size parameter m. We choose m ∈ {1, 5, 10} in comparative experiments.

Predictions: We need predictions in the optimistic FTPL algorithm. The perfect
prediction is the same as the requests. By default, the predictions will be generated
by the same distribution of requests. For perfect predictions, they are same as
requests

Metrics: In order to compare the actual performance of the algorithms, the metric
we choose is the Normalized average cost. It is obtained by dividing the accumulated
cost by the current time. When we consider the cost of switching, the cumulative
cost should additionally consider whether there is a switching file in each iteration.
For batched case, it should be normalized also by the batch size.

Algorithms: In the initial comparison, we mainly use LRU, LFU as comparisons to
illustrate the performance of FTPL. In the follow-up batch experiments and when
considering predictions and switching costs, we only compare different versions of
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FTPL algorithm varying different predictions and batch size.

Parameters not mentioned in the above settings, as well as possible changes, will be
introduced in each part of the results.

4.2 Results

4.2.1 Comparison of different algorithms

In this part, we mainly compare the average cost performance of LFU, LRU and
FTPL without considering predictions and switching cost, and batch size m = 1.
We use a Zipf distribution with parameter 1.2 to generate the request sequence and
the predicted sequence in OFTPL. The result is shown in Figure 4.1.

Figure 4.1. Performance comparison of different algorithms

In the case of a stable distribution of requests, LFU is theoretically the algorithm
with the best performance. We can see that FTPL’s performance can be close to
LFU after some iterations, and at the same time, it will perform better than LRU
after it has accumulated some historical information.

Next, we compare the performance of OFTPL and FTPL, and the results are shown
in Figure 4.24.2. The prediction with low accuracy is to regenerate a prediction
using the requested distribution, and the perfect prediction is to input the current
request as the predicted value.



4.2 Results 49

When we regenerated a prediction using the same distribution, it was only about
10% accurate in our setting. From the results, it can be seen that when the pre-
diction accuracy is low ( when we use the predictions generated by the same Zipf
distribution again), it will have a bad impact on our final performance, and when we
have a high prediction accuracy, its final performance will be better than algorithm
that of not consider predictions. When predictions are perfect, it means in any time
t, prediction is equal to request.

Figure 4.2. FTPL vs OFTPL

4.2.2 Batched requests

In this part, we mainly discuss the performance of the two cases we analyzed previ-
ously, namely, no prediction with exchange cost and prediction without exchange
cost, under batched requests.

From Figure 4.3 We can see that as the batch size increases, our average cost also
increases slightly, but behaves similarly in later stages, which matches Theorem 3.1.

When we consider the OFTPL algorithm without switching costs, the results ob-
tained are shown in Figure 4.4. In this part, we use perfect predictions in this
example. We can see that we can still get the above conclusion. At the beginning,
different batch sizes will have a large difference, but the average cost will approach
the same value in the later stage.

From the analysis of the above two cases, the FTPL-based online caching algorithm
can still maintain a good performance in the case of batch processing.
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Figure 4.3. Batched requests of FTPL with switching cost

Figure 4.4. Batched requests of OFTPL without switching cost

4.2.3 OFTPL with switching cost

In this section, we will discuss the performance of OFTPL with switching costs.
First let’s look at how the algorithm performs with different types of learning rates.
From Lemma 3.4 we know that there are two types of learning rates for FTPL that
do not consider predictions, one is a fixed learning rate and the other is a learning
rate that changes dynamically over time. In Figure 4.5, we compare the average
cost of the above two cases, and add the OFTPL algorithm that also considers the
switching cost for the dynamic learning rate.
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Figure 4.5. FTPL with different learning rate and OFTPL

From the results we can see that the dynamic learning rate can perform better
in our example. This is because the dynamic learning rate can retain more data
features at the beginning, so that the average cost can be smaller quickly. But pay
attention to our conclusion in Lemma 3.4. First of all, the fixed learning rate knows
more information in the algorithm. At the same time, if the requests we face are
mainly noise-based at the beginning, the request distribution will be more stable in
the second half, in this case their performance may be reversed.

In addition to the comparison of different types of learning rates, we can also see
that the OFTPL algorithm performs better when we consider perfect predictions.

Next let us consider how our algorithms perform differently when faced with a
larger switching cost. From Figure 4.5 we can clearly see the performance difference
between FTPL and OFTPL (D=1). But when we choose a large exchange cost, the
result is shown in Figure 4.6. We find that the performance of these two algorithms
is very close at this time, even if OFTPL has a perfect prediction, and even FTPL
has a lower average cost most of the time, at the end of iterations these two converge
to the same.

The above results confirm the results obtained in our Lemma 3.5. But when we
consider the larger switching costs, the actual situation may be more complicated.
The large switching cost makes the algorithm with predictions learn more from the
noise. At the same time, because there is only one-step prediction, it is often unable
to make correct decision for future actions when there is a large switching cost.
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Figure 4.6. FTPL and OFTPL with D = 5

Figure 4.7. OFTPL with different prediction accuracy

In the last part, we mainly discuss how our OFTPL algorithm performs when it faces
predictions with different accuracy rates. The results are shown in Figure 4.7. We
can see that with perfect prediction we get better results than without prediction,
but when we reduce the accuracy of the prediction, its performance will deteriorate.
This is consistent with the results we obtained in Lemma 3.6.

This seems to further illustrate that we need not consider a less accurate forecast.
But we note that in this example our requests are generated by the standard distri-
bution, and incorrect predictions will make our cumulative distribution of requests
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deviate from the distribution that generates requests. When the distribution of re-
quests is more random, it is possible to consider predictions, although the accuracy
rate may not be so high.

Figure 4.8. OFTPL with switching for different batch size

In Figure 4.8 we see that different batched requests still perform well in this case, and
we still use the Zipf distribution. As the time increases, their average costs gradually
approached the same level. Of course lower batch size will have better performance.
This further confirms the feasibility of batched requests in this method.

4.2.4 Experiment with CDN data

In this section we choose to use real request data from Akamai [29] to further verify
our algorithm. We use the requests data which length = 10000 during one week,
and size of catalog = 500. In this part of simulation experiment, we set the number
of catalog in previous part from 100 to 500. From Figure 4.9 we can see that the
actual data we use also roughly follows the Zipf distribution, with only a few files
being requested multiple times.
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Figure 4.9. Distribution of Akamai data

Figure 4.10. Average cost of different algorithms (without switching cost)

After observing the data characteristics of real requests, we analyzed the perfor-
mance of different algorithms under this request sequence, and the results are shown
in Figure 4.10. From this figure, we can see that the FTPL (OFTPL) algorithm
overcomes the problem for which LFU accumulates outdated information. At the
same time, the algorithm with prediction will perform better. We can also find that
the LRU performs better and is very stable in the later stages of the simulation.
This could be attributed to the requests becoming increasingly random; however,
in scenarios with completely random requests, LRU performs well.
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Figure 4.11. FTPL and OFTPL with different accuracy (with switching cost)

Figure 4.12. OFTPL in batched requests (with switching cost)

In the following simulations, we can see from Figure 4.11 that the algorithm with
predictions performs much better, which is different from our previous results. Of
course, what we get in the theoretical part is only a mathematical boundary in the
worst case. In other cases there are not bad predictions, even if they do not match
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the request highly, we can still get better performance. This simulation result also
illustrates that in most real cases, involving predictions could get better results.

In the last part Figure 4.2, we show the performance of batched with switching costs
with perfect prediction for different batch sizes. We can see that the performance
is better when the batch size is smaller. At the same time, the performance gap
between different batch sizes is also consistent with our previous conclusion.

4.3 Summary

In this section, we presented a comprehensive set of simulation results and analyses
to evaluate the performance of various caching algorithms under different scenarios.
We began by comparing LFU, LRU, and FTPL algorithms under default settings,
revealing that FTPL can approach LFU’s performance after some iterations and
outperforms LRU over time.

We then delved into the impact of predictions, both perfect and imperfect, on the
performance of OFTPL and FTPL. With low prediction accuracy, the algorithms’
performance suffered, while high prediction accuracy improved results, illustrating
the importance of accurate predictions. The batched requests scenario was explored
next, demonstrating that the performance of FTPL-based algorithms remains favor-
able even with varying batch sizes. The inclusion of switching costs in OFTPL was
investigated, showing that dynamic learning rates performed better than fixed rates.
The influence of larger switching costs revealed change in FTPL and OFTPL per-
formance. The experiment also highlighted the sensitivity of the performance to
prediction accuracy.

Finally, a real-world scenario was examined using CDN data from Akamai. The
simulation demonstrated how the algorithms perform under more complex and re-
alistic request distributions. Overall, these simulations provided valuable insights
into the performance characteristics of different caching algorithms across a range
of settings, highlighting the effectiveness of FTPL-based approaches in various sce-
narios while emphasizing the significance of predictions, batch size and switching
cost.
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Chapter 5

Conclusions

In this work, we mainly discuss the performance of the FTPL algorithm under batch
requests and consider predictions and switching costs in online caching problem.

First, we analyzed the version of FTPL working with batched requests and with
switching cost but without considering predictions. We find that its switching cost
component does not increase with batch size, and only the loss of the user’s utility
part will increase linearly with the increase of the exchange cost. We can see through
experiments that large batch sizes incur greater costs at the initial stage, but as
requests accumulate, the performance tends to approach that of single request in
our case.

In the second part we continue to discuss the performance of OFTPL without con-
sidering the switching cost. Our preliminary analysis found that the regret bound
increases sublinearly with the increasing of batch size. When we add assumptions
about the sequence of requests and predictions, we can find the optimal batch size.
Also in the experiment we were able to get similar conclusions as before.

In the third part we discuss the OFTPL algorithm which considers the switching
cost. We found that it still has a sublinear regret bound. When we consider perfect
predictions, the bounds are better than the FTPL algorithm that uses dynamic
learning rates without considering predictions. At the same time, if we face a
higher switching cost, the algorithm with predictions will not necessarily perform
better than the algorithm without prediction.

In the last part, we also found that the prediction accuracy also has a significant
impact on our algorithm. When we choose perfect predictions, the OFTPL algo-
rithm is able to achieve a smaller average cost than the FTPL algorithm in our case.
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But when its accuracy rate drops, its average cost is gradually increasing. From
our experimental results we can see that a high accuracy is required in case that
requests has stable distribution to make the OFTPL algorithm perform better. But
it also shows that in the example of considering the switching cost, when we are
faced with requests with a stable distribution, we can also obtain a good perfor-
mance without considering the predictions. However, in actual traces, it shows that
even suboptimal predictions can yield satisfactory results.

In addition to the above conclusions, some new problems were also discovered when
completing this work. For example, how the switching cost specifically affects the
decision in the caching problem, and how to make the algorithm stable under more
complex request situations. These represent possible future works.
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